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Thermoelastoplastic and Residual Stress Analysis 
during Induction Hardening of Steel 

S. Jahan~n 

A theoretical model was developed to predict the thermoelastoplastic and residual stresses developed in 
a round steel bar during induction hardening. For numerical analysis, a quasi-static, uncoupled thermoe- 
lastoplastic solution based on the hyperbolic sine law of Tien and Richmond was formulated. The prop- 
erties of the material were assumed to be temperature dependent. The phase transformation was 
considered in the numerical calculation, and the results were compared with the case where phase trans- 
formation is avoided. The cylinder was heated rapidly; once the temperature of  the outer surface ex- 
ceeded the transformation temperature, the cylinder was rapidly cooled. Accordingly, in the numerical 
calculation, only the area at the vicinity of the outer surface was assumed to transform to martensite. The 
results showed that the compressive residual stresses at the vicinity of the outer surface were considerably 
higher than the tensile stresses at the center. 
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1. Introduction 

THE DEVELOPMENT of  beneficial residual stress distribution 
in the surface of steel can be achieved by rapidly heating only 
the surface layers to the austenite region, followed by rapid 
cooling of  those layers to room temperature. Induction harden- 
ing is a common practice in industry--particularly for long 
shafts--which results in the development of  compressive re- 
sidual stresses at the outer surface of  the cylinder. During in- 
duction hardening of  round bars, the bar is rapidly heated to a 
temperature above its critical temperature by inductors. Later, 
quench rings are used to quench the bar rapidly. Due to the for- 
mation of  martensite at the outer surface of  the bar, compres- 
sive residual stresses are developed, particularly at the surface. 
Determination of these stresses is an important factor in design. 
The objective of  this paper is to introduce a combined analyti- 
cal and numerical method for determination of the residual and 
thermoelastoplastic stresses during this process. 

A survey of  the literature shows that the problem of ther- 
moelastoplastic and residual stress distribution in quenched 
bodies has attracted numerous researchers. While it is not our 
intention to discuss all the work that has been done in this field, 
we will review key papers. The earliest analysis of quenching 
problems dates back to the late 1920s, when Sachs (Ref 1) pre- 
sented his classic work in this branch of  science. Weiner et al. 
(Ref 2, 3) were among the first investigators who looked into 
more complex types of  transient thermoelastoplastic problems. 
Later, these types of problems were investigated by several 
other researchers (Ref 4-11). 

Extension of  the method of  successive elastic solution de- 
veloped by Mendelson (Ref 12) has been adopted by several in- 
vestigators (Ref 13-20). Ishikawa et al. (Ref 13-16) solved the 
problem for the Ramberg-Osgood type of  material, and Ja- 
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hanian et al. (Ref 17-20) extended the Mendelson method for a 
material of  linear strain hardening. The thermal stresses that are 
developed during the phase transformation have been ad- 
dressed in Ref 16, 21, and 22. 

The present research considers the problem of  transient 
thermal stress in an infinitely long solid cylinder of  low-carbon 
steel with nonlinear strain hardening and temperature-depend- 
ent properties. The cylinder is heated rapidly to 840 ~ which 
is above the transformation temperature. Then it is cooled rap- 
idly. Thermoelastoplastic modeling uses the hyperbolic sine 
law of  Tien and Richmond (Ref 23). In numerical modeling, 
martensitic transformation during cooling and transformation 
of tx-iron to )'-iron during heating were carefully examined. 

2. Theoretical Analysis 

A low-carbon solid cylinder of  radius a is considered. At t = 0, 
this cylinder is assumed to be at a uniform temperature o fT  0. At 
t > 0, the outside of  the cylinder is heated by an instantaneous 
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Fig. 1 Lower left-hand portion of the iron-carbon phase dia- 
gram. Source: Ref 24 
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increase in the temperature of  the medium to a value of  Tf, 
which is assumed to be above the transformation tempera- 
ture. Following heating over  a period o f t ,  the cylinder is in- 
stantaneously cooled to its original temperature, T O . This 
research deals with the thermoelastoplastic stress analysis of  
such a cylinder. This is done by considering A 1 and A 3 phase 
transformation on heating (Fig. 1) and martensitic transforma- 
tion on cooling (Fig. 2). 

2.1 Metallurgical Response 
Consider a cylinder that is rapidly heated to a temperature 

above A 3 and then rapidly cooled. From a metallurgical point of  
view, carbon steel expands regularly while being heated to TA, 
and then contracts to TA3. During heating through the range 
T A to T A , (x-iron transf6rms to "/-iron and iron carbide goes 
int~) solutt~on in '/-iron. At TA3, the steel resumes its expansion. 
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Fig. 2 Continuous cooling transformation diagram. Dashed 
line: martensitic transformation. Source: Ref 25 

On cooling, martensitic transformation--particularly marten- 
sitic pearlite transformation---or pearlitic transformation oc- 
curs, depending on the cooling rate. It should be pointed out 
that the transformation during cooling depends on the relation 
between the real time, temperature, and, obviously, rate of  
cooling. If the rate of  cooling is high enough and uniform, only 
martensitic transformation occurs, In the problem in question, 
the temperature of  the cylinder at the vicinity of  its outside sur- 
face remains above A 3 for a short period of time (Tf = 840 ~ 
The thickness of this region is very small. Accordingly, during 
cooling only the very small portion of the cylinder that is at the 
vicinity of  the outside surface will completely transform to 
martensite. The rest of the cylinder will not have enough time 
during heating to exceed the transformation temperature (see 
Fig. 3 and 4). 

2.2 Transient  Temperature  Distr ibut ion 

The transient temperature distribution in the cylinder can be 
found by solving the general heat conduction equation (Ref 26): 

~T 
div[K(gradT)] = '/C 3-'-~ (Eq 1) 

where K is thermal conductivity, C is specific heat, and ' / i s  
mass density They are defined by two parameters: The first, 
designated by zero, is the dimensional part; the second is the 
temperature-dependent part: 

K = KoK* (O) .... C = CoC* (O) 

' / =  '/07* (0) (Eq 2) 
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Fig. 3 Temperature distribution during rapid heating 
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The solution of  such a problem when the cylinder is heated to 
temperature Tf could be obtained as follows (Ref 26): 

0(p,x) = ~11[1 - (l - 2K10) 1/21 (Eq 3) 

where: 

oo 

~2 = ~0 E b ne-~('~ - ~1) Jo(Tn r) 

m=l 

" [ > I ;  1 (Eq 6a) 

where 

= 2~ih(~O E e-~'~'r Jo(~'nr) 
(~,2a2 + ~2)Jo(~,na) 

ra=l 

(Eq 3a) 

and K 1 is a dimensionless parameter defined as: 

K*(0) = 1 - Kl0 

In the previous equations: 

K1 ah KO 
~ 0 : 1  - "~'-, ~h = ~0, S : ,----~2/, 

T0C0 a 

(Eq 3b) 

~'n = - ~ '  h* = K* Tf-_..._~T 
~-~ , x = h's,  0 = Tf - T o (Eq 4) 

where tx n can be found by solving: 

O~nJl(O~n) - [~hJ0(~tn) = 0 (Eq 4a) 

I~ h is the Biot number during heating, and the boundary condi- 
tions are: 

~01 
- -  ( o , x )  = 0 
3r 

-K--~-  r (R,'O = hl[Ol(R,x)] (Eq 5) 

During the cooling part of  the cycle for'~ > ~ 1, the initial bound- 
ary conditions are: 

0 = 02(r,X) 

~02 
( 0 , t )  = o 

/)r 

~02 
- K - ~ r  (R,x) = h2[O2(R,x)] 

02(r,0 ) = 01(r, t l )  (Eq 5a) 

Introducing the above boundary conditions to Eq 1 leads to: 

02 = 1 (1 - 2KlOP2) 1/2] (Eq 6) KZ[1 - 

and 

1 [Jl(Tn) ~ ] 
bn = "~'7-r | - 2 [ ~ h E  Cm Qmn l 

'vn L m=l ] 

2yn 2 
(Eq 6b) 

e-k~'h 
C m - (~2m + ~2)Jo(~ m) 

(go - gh)JO(Vm)JoC~n) 
Qmn = ~t 2 _ ~ 2 

Jm n 
(Eq 6c) 

where: 

Pc = Rhc /K 

T(r,x) - T O 
02 - (Eq 6d) 

T f - T  0 

Tn are the roots of: 

TnJl(Yn) - I]cJo('yn) = 0 (Eq 7) 

and 13 c is the Biot number during cooling, above equations. 
Should they all be capitalized? 

2.3 F u n d a m e n t a l  E q u a t i o n s  f o r  Stresses  a n d  S tra ins  

Total strains developed during heating of the cylinder are 
the sum of three terms-- the  elastic, thermal, and plastic com- 
ponents: 

e ~ RdT + E p eij = eO = ~ij (Eq 8) 

During thermal cooling: 

Eij : E~ + Oij f O~dT + e p + e R (Eq 8a) 

where e R is the total strain accumulated during heating. 
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The following dimensionless parameters are defined as: 

(1 - v)o r 

o r = EOao(T f - TO) 

(1 - v ) e ~  
E r - 

a0(T f - TO) 

E0C%(T f -  TO) 
B = B l (1 - v) 

CH 

C= 

[(Tf-  T o) + 2731 
(Eq 9) 

where the coefficient of thermal expansion a,  the elastic mod- 
ules E, and the yield stress (3r I a r e  assumed to be temperature de- 
pendent and have been defined in terms of two parameters: 

a : aoa*(O) 

E = EoE*(0) 

o I = ol0o*(O) (Eq 10) 

and 

a* = 1 + ~10 

E* = 1 - El02 

o] = 1 + oHO + 01202 + 01303 (Eq 11) 

Upon introducing these equations to the familiar stress- 
strain relation and substituting the results in the equilibrium 
and strain compatibility equations, one obtains: 

1 - 2 v  E~_.~_ n 1 
E*r - 2(1-- V) ~ E; ~v d P + 2 p 2 ( l - v )  

, bE* 
; p c  0 ~ d 0 + (1+ v)~2 ~ E 'p ( ;  a*d0)dp 

1 - 2 v  ~ E , ( e ~ p  d 0 1 - 2 v  

C2 
v ~ pE, ezd p + C1 + __  (erP - E0P)dP p2(1-- V) p 2 

(Eq 12) 

and 

E*e~= 1 - 2 v  f ,bE* 
(I - v j %- - ~ - p  dp - E ' e ;  

+ ( l + v ) E * ~ a * d 0 +  1 - 2 V E ,  e, p 1 - 2 v  + ~  
1 - v  1 - v  

~_ (Erp E,O)dp v , , - - E E z + 2C 1 
l - v  

(Eq 13) 

The boundary conditions are: 

o~.(p : 0) ~ ~, Or(p = I) : 0, 2n ; ozpd p = 0 (Eq 14) 

By using the foregoing boundary conditions, the constants C 1 
and C 2 and ez can easily be obtained: 

C 2 = 0.0 

( l  - 2v)  [[~ , bE* r ~ , bE* 
C1 = -2(1 - v) [% e0 -~p  d0 - J0 Pe0 -~p  dp 

_ _ ~1 
+~1 E*(~rP ero)dP_ (1 2v) pE*(e~P+gr~ 

o P o 

f - f  ] + 2v p E * e * d p - 2 ( 1  +v)( l  v) pE*(~a*dO)dp  
o 0 

(Eq 14a) 

e z = (1 - v)~ E*( ~a*dO)pdp 
E*pdp 0 

- -  j.lo pE*(E;P + ~rP)dp] (Eq 14b) 

2 . 4  Plas t i c  S t ra in  I n c r e m e n t  

The plastic strains that are parts of Eq 12 and 13 can be 
evaluated using the following: 

(Eq 15) 

where the hyperbolic sine law of Tine et al. (Ref 27, 28) was 
adopted for the plastic strain increment: 

�9 3 -c/0 [sinh(Bo)]"/a s,, e~ n) = -~Ae { } ii 

O = ~[3  (S2r r + $20 + 52 z (Eq 16) 

(no sum over i ), where A, B, and C are material parameters and 
are assumed to be constant. 

3.  N u m e r i c a l  P r o c e d u r e  

The following procedure was adopted for the numerical 
analysis. Initially, the cross section of the cylinder was parti- 
tioned into 100 unequal elements in the radial direction, and the 
time increments were divided into 50 unequal parts. The radial 
divisions at areas closer to the outer surfaces and the time incre- 
ments at the early stage of cooling were smaller than the other 
divisions. At those areas or during those time intervals, the ma- 
terial experiences a more rapid temperature gradient. 
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At time t, a first approximation for strains was obtained us- 
ing Eq 12 and 13 and assuming the tangential strains in the right 
sides of  the equations to be zero. Subsequently, the value of e~ 
on the right side of Eq 12 and 13 is the first initialized value of  
e~ at time t. The new value is used to obtain a better value for 
e~. This procedure is repeated until a desired convergency is 
obtained. Equation 16 was used to obtain the plastic strains; 0- 
was evaluated using the stresses at step (i - 1). Having new val- 
ues for strains, one can easily obtain the new stresses and a new 
value for strain rate. From this value, the new plastic strain is 
estimated by modifying the scheme outlined in Ref 29 and 30. 
The corrected value of  the plastic strain, ~n)c, is evaluated us- 
ing the following: 

e~p)c ePij(r,t ) Axr'(n)c " 
. .  = + T L ~ . i j  +~,~")] (Eq 17) 

Having the plastic strains, a total effective strain can be defined 
as follows: 

E e = ~l'~ EO, Eij 

c "12 c c (Eq 18) 

The maximum relative difference between the effective strain 
and the corrected strain was found. If  it lay within a prescribed 
error tolerance, it was accepted; otherwise, the procedure was 
repeated until a desired convergency was reached. 

In this analysis, Ax must be small enough to prevent over- 
shooting of  stresses, which was accomplished using the follow- 
ing procedure. During loading and unloading of  the cylinder 
(here, unloading refers to situations where elastic stresses are 
released), whether the stresses are compressive or tensile, one 
can easily show that the following conditions always apply: 

~(total) 
�9 As p < A~ij �9 

�9 Ae~+P +th and Ae~ should be of  the same sign. 

�9 Sij and Ae p should be of the same sign. 

Accordingly, at each time step the above conditions were 
checked before accepting the strain increment. If the conditions 
were not satisfied, the time increment was locally divided into 
10 smaller increments and the same procedure followed. 

3.1 Resu l t s  o f  N u m e r i c a l  Calcula t ion  

For the purposes of  discussion and comparison with experi- 
mental results, the following data for steel containing 0.3% C, 
0.2% Si, 0.45% Mn, 1.3% Cr, and 4.45% Ni were used (Ref 27, 
28, 31): 

K o = 59.7 W / m .  K 

E 0 = 206.0 • 109 N/m 2 

0-10 = 295 x 106 N/m 2 

o"12 = -5 .50 x 10-3 ~, 2 

K 1 = 0.0334~, (Eq 19) 

E l = 2 . 3 4 •  10-3 ~, 2 

0-11 = 0.017 ~, 

Tf = 840 ~ 

r0=0.0oc 
0-13 = 2.53 x 10-4~, 4 (Eq 20) 

where ~, is called the loading parameter and is defined as: 

e0a0ro 
~ . - - -  (Eq 21) 

(1 - v ) o  0 

The results in this paper are for ~, = 6, and the Poisson ratio (v = 
0.4) is assumed to be unaffected by temperature (Ref 16-20). 

3.2 Coef f ic ien t  o f  T h e r m a l  E x p a n s i o n  

The coefficient of  thermal expansion changes with tempera- 
ture (Ref 16-20). However, the change during phase transfor- 
mation is far greater. The following data (Ref 16, 27, 28, 31) 
were used: 
During heating: 

ct0= 1.47 x 10-5C-1, r = 1.0 

ct 0 = -3.22 x 10-5C -1, O~ 1 = -2.19 

< 0.988 

tx 0 = 1.97 • 10-5C -1, ( g l  ----" 1.34 

-< 1.0 

for 0 < 0 <0.866 

for 0.866 _< 0 

for 0.988 < 0 

(Eq 22) 

where the minus sign corresponds to volumetric change. 

During rapid cooling: 

cz0 = 1.12 • 10-8 C-l ,  cq = 1.34 for0.605 > 0 > 0 

o~0 = 1.97 • 10-5 c - l ,  Ctl = 7.63 x 10 -4 for 0.605 < 0 

< 1.0 (Eq 23) 

For the portion of  the cylinder whose temperature remained un- 
der the critical temperature, the following data were used: 

tz 0 = 1.47 x 10 -5 C -1, ~1 = 1.0 (Eq 24) 

4. Discussion 

Figures 3 and 4 show the temperature distribution during 
rapid heating and rapid cooling, respectively. At t = 0.176, the 
cylinder was rapidly cooled. As is clear, only a very small por- 
tion of the cylinder at the vicinity of  the surface passed the criti- 
cal temperature. Figures 5 and 6 show the tangential and 
longitudinal stresses, respectively, at the surface of  the cylinder 

Journal of Materials Engineering and Performance Volume 4(6) December 1995--741 



0.03 0.040 

t~ 
r -  
Q 

r -  
0.00 

-0.02 

---O-- No Phase Transformation \ 

--I-- Phase Transformation \ 

\,i 

-0.03 t I I t n , l , , 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Temperature(0) 

Fig. 5 Tangential stresses at the surface of the cylinder during 
heating 

0.030 

~'- 0.020 

0.0010 

"~ 0.000 

o 

" -0.0010 

-0.020 

-0.030 

- -4 -  No Phase Transformation I 

---it-- Phase Transformation 

',A 

i I I [ I I [ I I I 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Temperature(0) 

Fig. 6 Longitudinal stresses at the surface of the cylinder dur- 
ing heating 
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Fig. 8 Residual stress distribution 

during heating. As shown, by neglecting the phase transforma- 
tion, the results are overestimated. Careful scrutiny of these re- 
sults indicates that as the temperature gradient increases, 
tensile stresses develop and increase at the surface of the cylin- 
der. However, at 0 = 0.86 they suddenly decrease and even be- 
come compressive. During the later stages of heating, the 
stresses again show an increasing trend. This is because as the 
temperature increases, the cylinder expands regularly. Once 

the temperature passes 723 ~ phase transformation occurs 
and the cylinder begins to contract. During heating through the 
range from 723 to 830 ~ a-iron transforms to )'-iron, and iron 
carbide goes into solution in ),-iron. At 830 ~ steel resumes its 
expansion. When phase transformation is not considered in nu- 
merical simulation, the increasing trend of stresses continues. 

If the cooling rate is high enough during the cooling of low- 
carbon steel, the formation of pearlite and bainite is avoided, 
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and martensite is produced (Fig. 2). During this process, 
austenite is completely transformed to martensite. Figure 7 de- 
picts the tangential and longitudinal stresses at the surface of 
the cylinder during rapid cooling. The curves indicate that com- 
pressive stresses develop up to a temperature of 0 = 0:605; then 
tensile stresses develop. The curves have a decreasing trend up 
to 0 = 0.605. Beyond this temperature, the stress suddenly as- 
sumes an increasing trend (tensile stresses are developed). This 
can be explained as follows. When the cylinder is rapidly 
cooled, as discussed earlier, formation of pearlite and bainite is 
avoided (due to the high rate of cooling). Accordingly, the trend 
of the curve at temperatures of 723 and 830 ~ which are 
equivalent to 0 = 0.866 and 0.988, respectively, does not 
change. However, at 0 = 0.605 martensite transformation oc- 
curs and suddenly the trend of the curve begins to increase. 
During cooling, the cylinder contracts regularly; however, 
once martensite transformation occurs, it begins to expand. 
This results in the trend depicted in Fig. 7. Figure 8 shows the 
residual stresses across the radius of the cylinder. The magni- 
tude of stresses at the vicinity of the surface is higher than at the 
center, because the rate of cooling near the surface is higher 
than at the center. 

5. Conclusions 

The stresses developed in a solid cylinder during induction 
hardening has been evaluated and the following conclusions 
derived from the results: 

Phase transformation is an important factor in evaluating 
residual stresses during induction hardening. 
By rapid heating and cooling the cylinder, the level of bene- 
ficial residual stresses at the surface becomes considerably 
higher than the tensile residual stresses at the center. 

Nomenclature 

a 

C 
E 
K 
t 
~x 

Y 

eij 
0 
v 

P 
GlO 
G i 

radius of cylinder, m 
specific heat, kJ/kg �9 K 
Young's modulus, N/m 2 
thermal conductivity, W/m �9 K 
time, s 
coefficient of thermal expansion, ~ 
mass density, kg/m -3 
total strain tensor 
dimensionless temperature 
Poisson's ratio (0.3) 
dimensionless radius 
yield stress, psi (N/m 2) 
total stress tensor, N/m 2 
dimensionless time 
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